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Abstract
Let G be a connected graph of order n. The eccentricity e(v) of a vertex
v is the distance from v to a vertex farthest from v. The average eccentricity
of G is the mean of all eccentricities in G. We give upper bounds on the
average eccentricity of G in terms of order n, minimum degree δ, and girth
g. In addition, we construct graphs to show that, if for given g and δ, there
exists a Moore graph of minimum degree δ and girth g, then the bounds are
asymptotically sharp. Moreover, we show that the bounds can be improved
for a graph of large degree ∆.
Keywords: average eccentricity; eccentricity; minimum degree; maximum degree;
girth
1 Introduction
Let G be a connected graph with vertex set V (G). The eccentricity e(v) of a
vertex is the maximum distance between v and a vertex in G. The average ec-
centricity avec(G) of G is the mean of all eccentricities of the vertices of G, i.e.,
avec(G) = 1
|V (G)|
∑
u∈V (G) e(u). The average eccentricity, introduced by Buckley and
Harary as eccentric mean [5], was originally conceived as a performance indicator
for transportation networks. It later attracted much interests within graph theory.
Several results have also been inspired by conjectures of the computer programme
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AutoGraphix by Aouchiche et. al.[4]. The first systematic study on average eccen-
tricity was initiated by Dankelmann, Goddard and Swart [7], who, amongst other
results showed that for all connected graphs of order n,
avec(G) ≤
1
n
⌊
3n2
4
−
n
2
⌋
, (1)
with equality if and only if G is a path of order n.
Several upper bounds on the average eccentricity in terms of order and minimum
degree are known. Dankelmann, Goddard and Swart [7] proved that for all connected
graphs G of order n and minimum degree δ ≥ 2,
avec(G) ≤
9n
4(δ + 1)
+
15
4
, (2)
and this bound is sharp apart from a small additive constant. By using similar
argument initiated by Dankelmann and Entringer [6], stronger bounds for triangle-
free graphs and C4-free graphs [11] were proven, respectively, to be
avec(G) ≤ 3
⌈ n
2δ
⌉
+ 5, (3)
and,
avec(G) ≤
15
4
⌈
n
δ2 − 2⌊ δ
2
⌋+ 1
⌉
+
11
2
. (4)
Also, it was shown in [3] that if G is a graph of girth at least 6, then
avec(G) ≤
9
2
⌈
n
2δ2 − 2δ + 2
⌉
+ 8, (5)
which when relaxed for (C4, C5)-free graphs yields
avec(G) ≤
9
2
⌈
n
2δ2 − 5δ + 5
⌉
+ 8. (6)
However, stronger bounds obtained by Dankelmann and Osaye [10] showed that
for fixed δ and maximum degree ∆, inequations (2), (3) and (4) can be improved,
respectively, to
avec(G) ≤
9(n−∆− 1)
4(δ + 1)
(
1 +
∆− δ
3n
)
+ 7 (7)
avec(G) ≤
3(n−∆)
2δ
(
1 +
∆− δ
3n
)
+
19
2
, (8)
2
and
avec(G) ≤
15
4
n− ε∆ + εδ
εδ
[
1 +
ε∆ − εδ
3n
]
+
37
4
, (9)
where ε∆ := ∆δ − 2
⌊
∆
2
⌋
+ 1 and εδ := δ
2 − 2⌊ δ
2
⌋+ 1.
Several other bounds or relations on the average eccentricity with given properties
or known parameters can be found in the literature. For example, for trees of
given maximum degree [12], for graphs of given order and size ([2], [16]), order
and independence or domination number [8], and for graphs of given order and
k-packing or k-domination number [9]. Remarkably, very little is known about
generalised forms for distance parameters. For example, Ali [1] showed that the
previous bounds on the Steiner diameter of a graph can be generalised when the
girth of the graph is prescribed. This aim of this paper is to investigate the previous
results on the average eccentricity of a graph and provide a generalised bound given
its girth. Using methods similar to the one used in [11] and [9], we show that, for
connected graphsG of given δ ≥ 3 and girth g odd withK = 1+ δ
δ−2
[
(δ − 1)
g−1
2 − 1
]
,
avec(G) ≤
3g
4
⌈ n
K
⌉
+
3g
2
− 2.
For g even with L = 2
δ−2
[
(δ − 1)
g
2 − 1
]
,
avec(G) ≤
3g
4
⌈n
L
⌉
+
3g
2
− 2.
In addition, we construct graphs to show that, if for given δ and g, there exists a
Moore graph of minimum degree δ and girth g, then the bounds are asymptotically
sharp. Moreover, we obtain stronger bounds for graphs of fixed δ and maximum
degree ∆. These results are, in fact, generalisations of inequations (2) - (9).
The notation used is as follows. For a connected graph G of order n with vertex set
V (G) and edge set E(G), the distance between two vertices u and v, dG(u, v), in G
is the length of a shortest u− v path in G. The eccentricity of a vertex v, eG(v), is
the distance between v and a vertex farthest from v in G. The diameter diam(G)
and rad(G) are, respectively, the largest and minimum eccentricity of vertices of G.
If no confusion arise, we will drop the subscript G throughout the paper. The total
eccentricity, EX(G) is the sum of all eccentricities in G. The open neighbourhood
of a vertex v, N(v), is the set of vertices adjacent to v. The closed neighbourhood of
v, N [v], is defined as N(v)∪{v}. For A ∈ V (G) and k ∈ N, the k-th neighbourhood
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of A, Nk(A), is the set of all vertices x of G with d(x, a) ≤ k for some a ∈ A.
The k-th power of G, denoted as Gk, is the graph with the same vertex set as G,
in which any two vertices u, v ∈ V (G) are adjacent if d(u, v) ≤ k. For a positive
integer k, the k-packing of G is a subset A ⊂ V (G) with d(a, b) > k, for all a, b ∈ A.
If B ⊂ V (G), then Gk[B] is the subgraph induced by B.
If H is a subgraph of G, we write H ≤ G. A set M ⊂ E(G) in G is a match-
ing in G if no two edges of M are incident. A matching of maximum size is called
a maximum matching. The line graph L(G) of G is the graph whose vertices are
the edges of G such that two vertices of L(G) are adjacent if they share a vertex as
edges of G. Let M ⊆ E(G), then V (M) is the set of vertices incident with at least
an edge of M .
2 Results
We will need the following definition and proposition due to Dankelmann, Goddard
and Swart. [7].
Definition 2.1 ([7]) Let G be a connected graph and c : V (G)→ R a nonnegative
weight function on the vertices of G. Then the eccentricity of G with respect to c is
defined by
EXc(G) =
∑
x∈V (G)
c(x)eG(x).
Let N =
∑
x∈V (G) c(x) be the total weight of the vertices in G. If N > 0, then the
average eccentricity of G with respect to c is
avecc(G) =
EXc(G)
N
.
Proposition 2.2 ([7]) Let G be a connected graph, c a weight function on the ver-
tices of G, and N =
∑
v∈V (G) c(v) the total weight of the vertices of G. If c(v) ≥ 1
for all v ∈ V (G), then
avecc(G) ≤ avec(P⌈N⌉).
2.1 Bounds in terms of order, minimum degree and girth
We now present one of our main results.
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Theorem 2.3 Let G be a connected graph with n vertices, minimum degree δ ≥ 3
and girth g.
(a) If g is odd, then
avec(G) ≤
3g
4
⌈ n
K
⌉
+
3g
2
− 2,
where K = 1 + δ
δ−2
[(δ − 1)
g−1
2 − 1].
(b) If g is even, then
avec(G) ≤
3g
4
⌈n
L
⌉
+
3g
2
− 2,
where L = 2
δ−2
[
(δ − 1)
g
2 − 1
]
. The bounds are sharp apart from a small additive
constant.
Proof. (a) We first find a maximal (g − 1)-packing A of G using the following
procedure. Choose an arbitrary vertex a1 of G and let A = {a1}. If there exists a
vertex a2 in G with dG(a1, a2) = g, add a2 to A. Add vertices with dG(u,A) = g to
A until each of the vertices not in A is within distance (g − 1) of A.
Let T1 ≤ G be the subforest of G with vertex set N
g−1
2
G [A] in which for every a ∈ A,
the set N
(g−1)/2
G (a) forms a component of T1 so that the distances to a are preserved.
With the way A is constructed, there exist |A| − 1 edges in G, each joining two
vertices of distinct components of T1 whose addition to T1 yields a subtree T2 ≤ G.
Now each vertex u ∈ V (G) − V (T2) is within distance (g − 1)/2 to some vertex
v ∈ V (T2). Let T be the spanning tree of G containing T2 such that the distance of
every vertex to A is preserved.
Since deleting edges does not decrease the average eccentricity, avec(G) ≤ avec(T ).
Thus it suffices to show that
avec(T ) ≤
3g
4
⌈ n
K
⌉
+
3g
2
− 2.
For every vertex u ∈ V (T ), let uA be the unique vertex in A closest to u in T .
If we consider avec(T ) as the weighted average eccentricity of T under the weight
function which is identically 1 on all vertices, then the weight function c, which we
define now, can be thought of as obtained by moving the weight of every vertex to
the closest vertex in A. That is, we define a weight function c : V (T )→ R+ by
c(u) =
∣∣∣{x ∈ V (T )|xA = u}∣∣∣, for each u ∈ A.
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Since G has girth g and g is odd, and all vertices in G have at least degree δ, we
have
c(u) ≥ |N
(g−1)/2
G [u]|
≥ 1 + δ + δ(δ − 1) + δ(δ − 1)2 + . . .+ δ(δ − 1)(g−3)/2.
= 1 +
δ
δ − 2
[
(δ − 1)(g−1)/2 − 1
]
= K.
(10)
We know that for every vertex u of T , d(u, uA) ≤ g−1, thus |eT (u)−eT (xA)| ≤ g−1.
Hence,
avec(T ) =
1
n
∑
x∈V (T )
eT (u)
≤
1
n
∑
u∈V (T )
[eT (uA) + g − 1]
=
[1
n
∑
u∈A
c(u)eT (u)
]
+ g − 1
= avecc(T ) + g − 1. (11)
Now the weight is concentrated on the vertices of A. By our construction of A,
T g[A] is connected. Therefore, for all ai, aj ∈ A, d(ai, aj) ≤ g dT g[A](ai, aj). Since
each vertex of T is within distance g of some vertex in A, we have for each u ∈ A,
eT (u) = geT g[A](u) + (g − 1), which implies that
avecc(T ) ≤ g avecc(T
g[A]) + (g − 1). (12)
We define a new weight function by c′(u) = c(u)
K
, and let N ′ =
∑
u∈A c
′(u) = n
K
.
Hence,
avecc′(T
g[A]) =
EXc′(T
g[A])∑
u∈A c
′(u)
=
1
δ+1
∑
u∈A c(u)e(T g[A])(u)
1
δ+1
∑
u∈A c(u)
= avecc(T
g[A]).
By Proposition 2.2 and (1), we have
avecc(T
g[A]) ≤ avec(P⌈N ′⌉) ≤
3⌈N ′⌉
4
−
1
2
. (13)
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Then by combining (11), (12) and (13), we have
avec(T ) ≤ avecc(T ) + g − 1
≤ g avecc(T
g[A]) + 2(g − 1)
≤ g
(
3⌈N ′⌉
4
−
1
2
)
+ 2(g − 1)
=
3g⌈N ′⌉
4
+
3g
2
− 2
=
3g
4
⌈ n
K
⌉
+
3g
2
− 2.
This proves the (a) part of the theorem.
(b) For g even, we first find a maximal matching M of G using the following proce-
dure. Choose an arbitrary edge e1 ∈ E(G) and let M = {e1}. If there exist an edge
e2 in G with dG(e2, e1) = g− 1, add e2 to M . Add edges with dG(ei, V (M)) = g− 1
to M until each of the edges not in M is within distance at most g − 2 of M .
Let T1 ≤ G be the forest subgraph with vertex set N
g−2
2
G [M ] in which for every
v ∈ V (M), the set N
(g−2)/2
G (v) forms a component of T1 so that the distances to
v are preserved. By our construction of M , there exist |M | − 1 edges in G, each
joining two distinct components of T1, whose addition to T1 yields a tree T2 ≤ G.
Now each vertex in V (G)− V (T2) is within distance
g−2
2
of some vertex u′ ∈ V (T2).
Let T be a spanning tree of G containing T2, such that the distance of every vertex
of T to M is preserved. Since avec(G) ≤ avec(T ), it suffices to prove the result for
T . For every u ∈ V (T ), let uM be a vertex in V (M) closest to u in T . As in the
proof of part (a), we think of avec(T ) as the average eccentricity with respect to the
weight function which is constant 1, and we move the weight of u to uM . That is,
we define a weight function c : V (T )→ R+ by:
c(u) =
∣∣{x ∈ V (T )|xM = u}∣∣, for all u ∈ V (T ).
Thus, for each u ∈M ,
c(u) ≥ |N
(g−2)/2
G [u]|
≥ 1 + (δ − 1) + (δ − 1)2 + . . .+ (δ − 1)(g−2)/2
=
(δ − 1)g/2 − 1
δ − 2
.
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Now the weight c is concentrated exclusively on the vertices of V (M). Consider the
line graph L = L(T ) defined by the weight function c¯ with V (T ) = E(T ) such that:
c¯(uv) =
{
c(u) + c(v) if uv ∈M,
0 if uv 6∈M.
Then,
c¯(uv) ≥
2(δ − 1)g/2 − 2
δ − 2
= L, for each uv ∈M.
Since dT (u, v) = g − 1 for any two vertices u, v ∈ V (M), each weight was moved
over a maximum distance of g − 2 to the nearest vertex in V (M). Hence,
avec(T ) ≤ avecc(T ) + (g − 2). (14)
If e1, e2 ∈ E(T ) are edges incident with vertices v1, v2 ∈ V (T ), respectively, and v1 is
an eccentric vertex of v2 in T , then eT (v2) = dT (v1, v2) ≤ dL(e1, e2)+1 ≤ eL(e2)+1.
It follows that
avecc(T ) ≤ avecc¯(L) + 1. (15)
If the distance dT (e1, e2) between any two matching edges e1, e2 ∈M equals (g−1),
then dL(e1, e2) ≤ g. Hence L
g[M ] is a connected graph. Thus,
avecc¯(L) ≤ g avecc¯(L
g[M ]) + g − 1. (16)
Now let c¯′(uv) = c¯(uv)
L
be a new weight function, and let N ′ =
∑
uv∈M c¯
′(uv), for
each uv ∈M . Then N ′ = n
L
. As in the case of (a) above,
avecc¯(L
g[M ]) = avecc¯′(L
g[M ]).
Since Lg[M ] is connected, we have by Proposition 2.2 and equation (1),
avecc¯(L
g[M ]) ≤ avec(PN ′) ≤
3⌈N ′⌉
4
−
1
2
. (17)
Thus by substituting (14), (15) and (16) in (17), we have
avec(T ) ≤ avecc(T ) + g − 2
≤ g avecc¯(L) + g − 1
≤ g avecc¯(L
g[M ]) + 2(g − 1)
≤ g
(
3⌈N ′⌉
4
−
1
2
)
+ 2(g − 1) =
3g⌈N ′⌉
4
+
3g
2
− 2.
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The (b) part of the theorem now follows since N ′ = n
L
.
We verify that these bounds are true for previous results with given order and
minimum degree or with maximum degree as shown in Equations (2) to (9).
(a) If g = 3, then K = δ + 1, so by a simple calculation in conjunction with⌈
n
δ+1
⌉
< n
δ+1
+ 1, avec(G) ≤ 9
4
⌈
n
δ+1
⌉
+ 5
2
< 9n
4(δ+1)
+ 15
4
. Note that this is
equivalent to the bound (2) obtained in [7].
(b) If g = 4, then G is triangle-free and L = 2δ. Thus, by a simple calculation,
avec(G) ≤ 3
⌈
n
2δ
⌉
+ 4, which differs from (3) proved in [11] by an additive
constant 1.
(c) If g = 5, then G is (C3, C4)-free and K = δ
2 + 1. By substituting g and L in
part (b) of the theorem, we have avec(G) ≤ 15
4
⌈
n
δ2+1
⌉
+ 11
2
, which is a slightly
weaker bound to (4) proved in [11] for strictly C4-free graphs.
(d) If g = 6, then G is (C3, C4, C5)-free and L =
2
δ−2
((δ − 1)3 − 1). A simple
calculation shows that avec(G) ≤ 9
2
⌈
n(δ−2)
2[(δ−1)3−1]
⌉
+ 7 ≤ 9
2
⌈
n
2(δ2−δ+1)
⌉
+ 7. This
differs from (5) proved in [3] for graphs of girth at least 6, by an additive
constant 1.
The bounds in Theorem 2.3 are asymptotically sharp, apart from small additive
constants, if δ and g are such that there exists a Moore graph, i.e., a graph with
minimum degree δ, girth g, diameter d = g−1
2
, and order K = 1+ δ
δ−2
[
(δ−1)
g−1
2 −1
]
(for g odd) or L = 2
δ−2
[
(δ − 1)
g
2 − 1
]
(for g even).
For a given integer k > 0, let G1, G2, . . . , Gk be disjoint copies of the (δ, g)- Moore
graph. Let Gn,δ,k be the graph obtained from the union of G1, G2, . . . , Gk by deleting
the edges aibi for i = 2, 3, . . . , k−1 and adding the edges ai+1bi for i = 1, 2, . . . , k−1.
(a) If g is odd, then each graphGi−aibi has diameter at least 2d since dGi−aibi(ai, bi) ≥
2d. Since diam(Gi) = d, for i = 1, k, and since there are k−1 link edges of the
form ai+1bi, we have in conjunction with g = 2d+ 1, diam(Gn,δ,k) = g(k − 1).
It is easy to see that rad(Gn,δ,k) =
⌈
g(k−1)
2
⌉
. For each vertex x ∈ V (Gi),
1 ≤ i ≤ ⌈k−1
2
⌉,
eGi(x) ≥ d(bi, bk) = g(k − i)− d.
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Moreover,
∑⌈k−1
2
⌉
i=1 (Gi) =
∑⌈k−1
2
⌉
i=1 (Gk−i+1) for each i, 1 ≤ i ≤ ⌈
k−1
2
⌉. Since each
Gi has K vertices,
∑⌈k−1
2
⌉
i=1 (Gi) ≥ K[g(k − i)− d].
EX(Gn,δ,k) = 2
[ ⌈k−12 ⌉∑
i=1
∑
x∈Gi
eGn,δ,k(x)
]
≥ 2K[
k
2∑
i=1
g(k − i)− d] = 2K
[ k2∑
i=1
g(k − i)− d(
k
2
)
]
= 2Kg
[3k2
8
−
k
4
]
−Kdk
Therefore,
avec(Gn,δ,k) ≥
gK
n
[3k2
4
−
k
2
]
−
Kdk
n
. (18)
Now (18) in conjunction with K = n
k
and d = g−1
2
yields
avec(Gn,δ,k) ≥
3gn
4K
− g +
1
2
.
In this case, the bound between avec(Gn,δ,k) and the bound in Theorem 2.3(a)
differs only by an additive constant at most 5
2
(g − 1).
(b) If g is even, a simple calculation shows that diam(Gn,δ,k) = g(k − 1) + 1
and rad(Gn,δ,k) =
g(k−1)
2
+ 1; then for each vertex x ∈ V (Gi), 1 ≤ i ≤ ⌈
k
2
⌉,
eGi(x) ≥ g(k− i)−d+1. For g and k even,
∑⌈k−1
2
⌉
i=1 (Gi)) ≥ L[g(k− i)−d+1].
Hence,
EX(Gn,δ,k) = 2
[ ⌈k2 ⌉∑
i=1
∑
x∈Gi
eGn,δ,k(x)
]
≥ 2L
[ k2∑
i=1
g(k − i)− (d− 1)(
k
2
)
]
= 2Lg
[3k2
8
−
k
4
]
− Lk(d− 1).
In conjunction with L = n
k
and d = g−1
2
, we obtain as in the case of g odd,
avec(Gn,δ,k) ≥
3gn
4L
− g +
3
2
.
In this case, this bound differs from the bound in Theorem 2.3 (b) by at most
5
2
(g − 1)− 1.
✷
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2.2 Bounds in terms of order, girth, minimum degree and
maximum degree
In Theorem 2.3, the examples that prove that the bounds are asymptotically sharp
proposed that all vertices have degrees close to the minimum degree. This suggests
that we can improve these bounds if G contains a vertex of large degree. We now
presents bounds on the average eccentricity of a graph that contains a vertex of
maximum degree ∆. The proofs follow closely the methods used in Theorem 2.3
and [10] with some slight modifications.
Theorem 2.4 Let G be a connected graph with n vertices, minimum degree δ, max-
imum degree ∆ and girth g.
(a) If g is odd, then
avec(G) ≤
3g
4
(n−K2
K1
)(
1 +
K2 −K1
3n
)
+ 3g − 2,
where K1 = 1 +
δ
δ−2
[
(δ − 1)
g−1
2 − 1
]
and K2 = 1 +
∆
δ−2
[
(δ − 1)
g−1
2 − 1
]
.
(b) If g is even, then
avec(G) ≤
3g
4
(n− L2
2L1
)(
1 +
L2 − L1
3n
)
+
21g
8
− 2,
where L1 =
(δ−1)
g
2−1
δ−2
and L2 = ∆+
∆−1
δ−2
[
(δ − 1)
g−2
2 − (δ − 1)
]
.
Proof. (a) Let v1 be a vertex of degree ∆ and let A = {v1, a1, a2, . . . , ar} be
a maximal (g − 1)-packing constructed such that each vertices of G not in A is
withing distance g− 1 of A. Let T be a spanning tree obtained in the same manner
as in the proof of Theorem 2.3 (a). Then, degT (v1) = degG(v1). For every vertex x
of T let xA be a vertex in A closest to u in T and let c : V (T )→ R
+ be the weight
function defined by
c(u) =
∣∣∣{x ∈ V (T )|xA = u}∣∣∣, for each u ∈ A.
Then,
(i.) c(u) = 0 if u 6∈ A.
(ii.) For each u ∈ A− {v1},
c(u) ≥ |N
(g−1)/2
G [u]|
≥ 1 + δ + δ(δ − 1) + δ(δ − 1)2 + . . .+ δ(δ − 1)(g−3)/2.
= 1 +
δ
δ − 2
[
(δ − 1)(g−1)/2 − 1
]
= K1.
(19)
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(iii.) For v1 ∈ A,
c(v1) ≥ |N
(g−1)/2
G [v1]|
≥ 1 + ∆ +∆(δ − 1) + ∆(δ − 1)2 + . . .+∆(δ − 1)(g−3)/2.
= 1 +
∆
δ − 2
[
(δ − 1)(g−1)/2 − 1
]
= K2.
(20)
Since n =
∑
u∈A c(u), it follows that n ≥ K2 + (|A| − 1)K1 and rearranging yields,
|A| ≤
n−K2
K1
+ 1. (21)
By the construction of A, it is easy to see that inequations (11) and (12) are true
for Theorem 2.4 (a), as well as the fact that T g[A] is connected. Let c′(u) be a
new weight function which satisfies c′(u) ≥ 1 for all u ∈ A. Define c′(u) = c(u)
K1
for
u ∈ A− {v1} and c
′(v1) =
c(v1)−K2+K1
K1
. Thus, we have the total weight N of c′ as
N =
∑
u∈A
c′(u) =
n−K2
K1
+ 1,
implying that |A| ≤ N . We simplify avecc′(T
g[A]) to yield
avecc′(T
g[A]) =
EXc′(T
g[A])
N
=
EXc(T
g[A])− e(v1)(K2 −K1)
n−K2 −K1
,
which in conjunction with EX(T g[A]) = n avecc(T
g[A]) and by rearranging becomes
avecc(T
g[A]) =
n−K2 +K1
n
avecc′(T
g[A])−
K2 −K1
n
eT g[A](v1). (22)
Since the order of T g[A] is |A| and since |A| ≤ n−K2
K1
+ 1, we have
eT g[A](v1) ≤ diam(T
g[A]) ≤ |A| − 1
≤
n−K2
K1
.
By Proposition 2.2 and in conjunction with ⌈N⌉ < n−K2
K1
+ 2, we have
avecc′(T
g[A]) ≤
3⌈N⌉
4
−
1
2
<
3
4
(n−K2
K1
+ 2
)
−
1
2
=
3
4
(n−K2
K1
)
+ 1.
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By substituting the bounds for eT g[A](v1) and avecc′(T
g[A]) in (22), we have
avecc(T
g[A]) ≤
(n−K2 +K1
n
)(3
4
n−K2
K1
+ 1
)
+
K2 −K1
n
(n−K2
K1
)
≤
3
4
(n−K2
K1
)
+
3
4
(n−K2
K1
)(K2 −K1
3n
)
+ 1
=
3
4
(n−K2
K1
)(
1 +
K2 −K1
3n
)
+ 1.
Since inequalities (11), (12) and (13) are also true for Theorem 2.4, we have
avec(T ) ≤ avecc(T ) + g − 1
≤ g avecc(T
g[A]) + 2(g − 1)
≤ g
[3
4
(n−K2
K1
)(
1 +
K2 −K1
3n
)
+ 1
]
+ 2(g − 1)
=
3g
4
(n−K2
K1
)(
1 +
K2 −K1
3n
)
+ 3g − 2.
The results follows since avec(G) ≤ avec(T ).
(b) For g even, let v1 be a vertex of degree ∆ and let e1 be an edge incident
with v1. Let M = {e1, e2, . . . , er} be a maximum matching such that each of the
edges not inM is within distance g−2 ofM . Let T be a spanning tree of G obtained
as in the proof of Theorem 2.3 (b). Define V (M) as the set of vertices incident with
an edge in M . For every vertex u ∈ V (T ), let uM be a vertex in V (M) closest to u
in T . We define a weight function c : V (T )→ R+ by
c(u) =
∣∣∣{x ∈ V (T )|xM = u}∣∣∣, for u ∈ V (T ).
Since degT (v1) = degG(v1), T has the same maximum degree in G. Furthermore,
since g is even, the least possible value of g is 4. Thus, G is triangle-free and so, no
two incident verties of any edge in M have a common neighbour. It follows that
(i.) c(u) = 0 if u 6∈M .
(ii.) For each u ∈M − {v1},
c(u) ≥ |N
(g−2)/2
G [u]|
≥ 1 + (δ − 1) + (δ − 1)2 + . . .+ (δ − 1)(g−2)/2
=
(δ − 1)g/2 − 1
δ − 2
= L1.
(23)
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(iii.) For v1 ∈M ,
c(v1) ≥ |N
(g−1)/2
G [v1]|
≥ 1 + (∆− 1) + (∆− 1)(δ − 1) + (∆− 1)(δ − 1)2 + . . .+ (∆− 1)(δ − 1)(g−4)/2
= ∆+
∆− 1
δ − 2
[
(δ − 1)
g−2
2 − (δ − 1)
]
= L2.
(24)
Let c¯ be the weight function on the line graph L(T ) with V (L) = E(T ) defined by:
c¯(uv) =
{
c(u) + c(v) if uv ∈M,
0 if uv 6∈M.
Since e1 is incident with v1 in T , c¯(e1) ≥ L1+L2 and c¯(e) ≥ 2L1 for all e ∈M−{e1}.
It follows that since n =
∑
e∈M c¯(e),
n ≥ L2 + L1 + 2L1(|M | − 1),
and rearranging yields
|M | ≤
n− L2 + L1
2L1
. (25)
As illustrated in Theorem 2.3 (b), inequalities (14), (15) and (16) also hold for
Theorem 2.4 (b). To apply Proposition 2.2 to avecc¯(T
g[M ]), we normalise the weight
function c¯. Let c¯′ be a new weight function defined by c¯′(e) ≥ 1 satisfying c¯′(e) =
c¯(e)
L1
≥ 1 and c¯′(e1) =
c¯(e1)−L2+L1
2L1
≥ 1 for all e ∈ E(G). Thus,
N ′ =
∑
e∈M
c¯′(e) =
n− L2
2L1
+
1
2
.
Then, as shown in Theorem 2.4 (a) (see 22),
avecc¯(L
g[M ]) =
n− L2 + L1
n
avecc¯′(L
g[M ])−
L2 − L1
n
eLg[M ](v1). (26)
Since the order of Lg[M ] is |M | and since |M | ≤ n−L2
2L1
+ 1
2
, we have
eT g[A](v1) ≤ diam(L
g[M ]) ≤ |M | − 1
≤
n− L2
2L1
−
1
2
.
Letting ⌈N ′⌉ < N ′ + 1 = n−L2
2L1
+ 3
2
, we have by Proposition 2.2,
avecc¯′(L
g[M ]) ≤
3⌈N ′⌉
4
−
1
2
<
3
4
(n− L2
2L1
+
3
2
)
−
1
2
=
3
4
(n− L2
2L1
)
+
5
8
.
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By substituting inequalities for avecc¯′(L
g[M ]) and eLg [M ](v1) in (26) and rearranging
yields
avecc¯(L
g[M ]) ≤
(n− L2 + L1
n
)(3
4
n− L2
2L1
+
5
8
)
+
L2 − L1
n
(n− L2
2L1
−
1
2
)
.
≤
3
4
(n− L2
2L1
)[
1 +
(L2 − L1
3n
)]
+
5
8
.
Since the inequalities (14), (15) and (16) also holds for Theorem 2.4 (b), we have
avec(T ) ≤ avecc(T ) + g − 2
≤ g avecc¯(L) + g − 1
≤ g avecc¯(L
g[M ]) + 2(g − 1)
≤ g
[3
4
(n− L2
2L1
)[
1 +
(L2 − L1
3n
)]
+
5
8
]
+ 2g − 2
=
3g
4
(n− L2
2L1
)[
1 +
(L2 − L1
3n
)]
+
21g
8
− 2.
Since deleting edges does not decrease the average eccentricity, avec(G) ≤ avec(T ),
and thus Theorem 2.4 follows as desired. ✷
It is easy to verify that the results are equivalent for cases g = 3, 4 and 5, as
proved in [10].
(a) If g = 3, G represents any connected graph of given n, δ ≥ 3 and ∆. Then
K1 = δ+1 and K2 = ∆+1, and so by a simple calculation, we have avec(G) ≤
9
4
n−∆−1
δ+1
(
1 + ∆−δ
3n
)
+ 7. Note that this is equivalent to the bound (7).
(b) If g = 4, G is triangle-free. Then L1 = δ and L2 = ∆, and so avec(G) ≤
3
(
n−∆
2δ
)(
1+ ∆−δ
3n
)
+ 21
2
, which differs from (8) only by the additive constant 1.
(c) If g = 5, then G is a (C3, C4)-free graph with K1 = δ
2 + 1 and K2 = ∆δ + 1.
Therefore, avec(G) ≤ 15
4
(
n−δ∆−1
δ2+1
)(
1 + δ(∆−δ)
3n
)
+ 13. This differs from (9) for
C4-free graphs by some additive constant.
Theorem 2.4 generalises Theorem 2.3 in the sense that setting ∆ equal to δ yields
K1 = K2 = K and L1 = L2 = L.
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